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Abstract

This paper examines simultaneous versus sequential play in a simple two-
player contest framework with a contest success function of the logit type. The
timing of moves as well as the value of the prize is assumed to be endogenous.
In a preplay stage to the basic contest subgame players decide whether they
exert effort as soon, or as late as possible. No matter when exerted, the
players’ effort influences not only the size of the prize (negative) but also
their win probability (positive) as well as the competitor’s win probability
(negative). It is found that in line with previous literature on contests with
an exogenous prize, the subgame perfect equilibrium of the extended game
is Pareto dominated by no other sequential or simultaneous play payoff and
that, if sequential play emerges in equilibrium, the leader undercommits effort
compared to the Nash equilibrium. But, contrary to previous findings, the
win probability of the simultaneous move game is in no way crucial for the
determination of an endogenous leadership. Moreover, the rent dissipation in

the subgame perfect equilibrium of the extended game may not be minimized.
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1 Introduction

This paper contributes to two strands of literature on contests. The first group of
papers focusses on the distinction between Nash equilibrium (NE) and Stackelberg
equilibria in models of contest with an exogenous prize. The second group of papers
is broadly concerned with the impact of endogenous prizes on the NE in models of
contest.

We propose a framework for the analysis of strategic behavior in a two-player con-
test with an endogenous prize based on the endogenous timing model of Hamilton
and Slutsky (1990). In a preplay stage to the basic contest subgame players decide
whether they exert effort as soon or as late as possible. No matter when exerted,
the players’ effort influences not only the size of the prize (negative) but also their
win probability (positive) as well as the competitor’s win probability (negative).
Within this model we introduce a taxonomy of endogenous leadership, based on the
properties of the players’ best response functions as well as on the characteristics of
the prize-production technology. We find that, unlike the literature on exogenous
prize, the win probability of the simultaneous move game is in no way crucial for the
determination of endogenous leadership. Thus, for example, it is possible that in the
subgame perfect equilibrium (SPE) of the extended game it is the favourite who will
act as a Stackelberg-leader and the underdog who will act as a Stackelberg-follower.
Moreover, simultaneous play may emerge in equilibrium. We prove that this finding
holds for a general production technology of the prize and a logit contest success
function (CSF). Moreover, we show that in line with previous literature on contests
with an exogenous prize the subgame perfect equilibrium of the extended game is
Pareto dominated by no other sequentiell or simultaneous play payoff.

Until Dixit’s seminal paper on strategic behavior all of the literature on contests

was primarily concerned with Nash equilibria. Dixit showed that if two unevenly

L According to Dixit (1987) the favorite (underdog) is the player whose odds of victory in a two-
player contest exceed (fall below) one-half at the Nash equilibrium.



matched players compete over an exogenously given prize in a sequential manner,
using a logit or probit form of the CSF, it is the favourite (underdog) who has an
incentive to overcommit (undercommit) effort.? The reason for this is the under-
dog’s (favourite’s) effort being a strategic complement (substitute) for the favourite
(underdog), i.e. the underdogs best response function is downward sloping in the
NE of the game, the favourite’s is upward sloping.® This implies directly that the
SPE with the underdog being the leader minimizes the effort exerted in the game
whereas in the reversed order this will be maximized.*

In line with model of endogenous commitment by Hamilton and Slutsky (1990), Baik
and Shogren (1992) subsequently extended the basic contest by a preplay stage in
which the two players determine their order of moves prior to the actual choice
of effort. They showed that the favourite will never and the underdog will always
move first. Hence, the unique SPE of the contest-subgame shows commitment by
the weaker player, which means that the equilibrium order of moves minimizes the
social cost. The reason for this SPE of the extended game is that by acting first
the underdog reveals his relative weakness, thereby allowing the favourite to react
efficiently.”

What has been neglected in the literature on endogenous timing in contests is the
fact that prizes are more often endogenous than exogenous. In many cases the con-
testants themselves can influence the size of the prize either (1) directly or, in cases
where the prize is contingent of the players effort, (2) indirectly. In the first case
players choose their prize themselves knowing that whatever size of the prize they

choose it will directly influence the incentive for effort-spending of the competitor.

2The logit form of the CSF gives the probability of winning as a function of the relative effort
of players (see Tullock (1980), Grossman (2001), etc.). The probit form, on the other hand,
determines the relative success by the differences among the efforts (see Hirshleifer (1991)).

3For the case of an oligopoly, this has been examined by Bulow et al. (1985) and Gal-or (1985).

4Similar results can be found in Linster (1993), who also allows for incomplete information with
respect to the type of the second mover. Glazer and Hassin (2000) consider an n player sequential
contest.

°The same result can be found in Leiniger (1993), who assumes asymmetric valuation of the prize.



An example is studied by Konrad (2002) where subsequently to the realization of a
project an incumbent decides not only about his investment in the project but also
about his effort-spending in a contest where he has to defend his project returns
against a challenger. Compared to the case where the incumbent receives his return
on investment with a probability smaller than one, in this example a higher invest-
ment in the project increases the effort-spending of the challenger, thus causing a
moderation of project investment.%

An example for the indirect influence of effort-spending on the prize is when the con-
testants face a trade-off between production and appropriation if effective property
rights are absent. In these models of conflict agents are endowed with an unap-
propriable resource which can be used as an input in a valuable prize (production)
or for appropriation of the latter.” The strategic situation is that a further unit of
effort not only decreases the winning probability of the competitor via the CSF but
also decreases the prize available to the agents therefore making it less attractive
for the competitor to win the prize.®

In order to unite these two strands of literature we provide a framework in which
two competitors fight in a model of conflict over an endogenous prize. Each player

is endowed with an inalienable resource which he can allocate between productive

and appropriative effort. In the metaphor of conflict models the latter effort is

6See also Leidy (1994) who argues that a monopolist whose right is contested in a political market
will spend lobbying effort and lower his price to defuse reformist opposition. Similar models are
presented by Epstein and Nitzan (2003, 2004). Hoffmann (2009) shows in a two-player conflict
model that the anticipation of potential appropriation forces agents to engage in trade, since this
mutually reduces the gains from appropriation. In Hoffmann and Schmidt (2007) a monopolist
invests in copy protection as well as lowers the price of his output (a digital product) in order to
make piracy less attractive.

"See for example Hirshleifer (1991), Skaperdas (1992) and Skaperdas and Syropoulos (2001).

81t is worth noting that dependencies do not have to be negative. Chung (1996), for example,
shows that promotional effort increases the market share of a firm as well as the size of the whole
market. Thus, effort-spending does not have only a negative externality on the combatant. See
also Baye and Hoppe (2003), where the research activity of a firm increases not only the probability
of winning a contest but also the expected value of the contest prize. Another example with a
positive side effect of contests is Morgan (2000). For the case of a lottery contest where the
proceeds will be used to finance a public good, the size of the public good is increased compared
to the case of voluntary contribution to the public good.



labeled as guns, the former as butter. The aggregate income produced by both com-
petitors’ butter is a common pool good, and the respective shares are contingent
on the players’ decision on guns. In this sense our paper is closely related to the
work of Hirshleifer (1991), Skaperdas (1992), Grossman (2001), and Skaperdas and
Syropoulos (2001). Moreover, we will use a CSF of the logit form and players are
allowed to exert effort as soon as or as late as possible. Thus, sequential moves may
arise in equilibrium. In this sense our paper is closely related to the work of Dixit
(1987), Baik and Shogren (1992), Leiniger (1993), Baik et al. (1999) and Yildirim
(2005). The timing game itself matches the action commitment model by Hamil-
ton and Slutsky (1990) frequently used in games of endogenous timing.® We will
examine how the endogeneity of the prize will influence the players’ timing deci-
sion. In particular, we will provide a taxonomy of endogenous leadership. Hence,
in a methodological sense, the paper is close to Kempf and Graziosi (2009) who
develop an endogenous timing game where two countries provide public goods with
spillovers. Here, a taxonomy is proposed depending on the sign of spillovers among
countries and the nature of the interaction between various public goods.

The paper proceeds as follows. Section 2 presents the basic model and explores the
nature of strategic substitutes vs. complements in our setting and its’ influence on
the players’ first-mover and second-mover advantage. Furthermore, it describes the
equilibrium concepts used in the paper. Section 3 provides the equilibria in the full
game and shows when the findings of Baik and Shogren (1992) are no longer valid.
Furthermore, we have added two simple examples presented in subchapter 3.3 of

this paper.

9See for example van Damme and Hurkens (1999, 2004), and Amir and Stepanova (2006).
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2 The model

Consider a situation in which each of two players possesses R; unit of an inalienable
primary resource, with (i = 1,2). This resource can be used to produce one-to-
one two kinds of inputs, z; and y;, where the latter will be used in the joint pro-
duction of a single consumption good representing the prize, and the former will
be used as an input in the appropriative competition. The production technology
V (R, — z1, Ry — x9) transforms the two productive inputs into a single consumption
good (the prize). This endogenous prize is assumed to be quasi-concave and twice

differentiable, and the competitors marginal product is positive and decreasing.

Assumption 1 (Endogenous rent)

Vi(x) = a‘gélx) <0, (1a)
Vi (x) = 62;;(;() <0, (1b)
Viz (x) = ?9%8(;? % 0, (1c)
Vi (x) Vag (%) = Vi (x) (1d)

for x = (21,29) and i = 1,2 and z; € [0, R;]. The first and second assumptions state
that an increase in effort decreases the rent and that this negative effect increases

in z;. Note, that the marginal productivity with respect to x; might differ for both

=

players, ie. Vi(x) =

V5 (x). The third assumption simply states that we allow
for g—substitutes and g—complements, i.e., we do not restrict the sign of the cross
derivatives.'® The main role of the last assumption is in guaranteeing uniqueness of

the equilibrium.

The conflict technology, here defined by a logit CSF, determines for any given value

10T he terms g—substitutes and g—complements have been suggested by Hicks (1956). In the contest
literature several specifications have been proposed with respect to the rent: Dixit (1987), Baik
and Shogren (1992) and Grossman (2001) consider exogenous rents (V (x) = K'), Skaperdas and
Syropoulos (1998) consider an endogenous rent, with Vi2(x) = 0, whereas Hirshleifer (1991) and
Skaperdas (1992) assume ¢—complements (Vi3 (x) > 0).



of the vector x each player’s probability of winning the prize. For player ¢, this

probability is represented by p’(x):

fi(xi) if 0
i Ji(zs)+fi(zy)? if x # 0,
p(x) = o (2)

ifx=0,

N[

with f;(0) = 0, %gi) = f/(x;) > 0 and dg%x(;i) = fI'(x) < 0.1 Thus, we assume
that each player’s effectivity function (f;(x;)) is a twice differentiable, increasing
and concave function of the effort of player . For brevity’s sake, we introduce the
notations p'(x) = p(x) so that p?(x) = 1 — p(x). Note, that the logit specification

involves

P12p (1 —Pp) — pip2 (1 - 2]9) =0, (3)

which corresponds to assumption A3 of 7.
Given the above defined logit form we find that the cross derivative of the marginal

win probability is given by

Pp(x)  filz) fy (x2) ) f
Or101y (1 (21) + fo (22)]° (fi (21) = fa(22)) . (4)

P12 (X)

Since the CSF is symmetric we may thus use the following definition:

Definition 1 (Favourite and underdog) Dizit (1987); Baik and Shogren (1992)
Agent 1 (2) is said to be the favorite (underdog) if pio(x) > 0 in the Nash equilib-

rium of the game; agent 1 (2) is the underdog (favourite) if p12(x) < 0 in the Nash

equilbrium of the game.

The payoff function of agents 1 and 2 are given by IT' (x) = p(x) V(x) — C(x),
and I1? (x) = (1 — p(x)) V(x) — C(z2), with C(z;) = z;.'* Each agent maximizes

his expected payoff which equals the prize that goes to the sole winner, i.e. the

1To avoid repetition, we use i,7 = 1,2 and i # j when it is obvious.
12Thus, the payoff function of player i is a strictly concave function of his effort (z;) and strictly
monotonic decreasing function of his opponent’s effort (z;).
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aggregate income produced, weighted by the probability that he wins the conflict.
Moreover, we have a game of pure substitutes, i.e. the sign of the cross derivatives
of the payoff function is negative. Hence, the effort of agent ¢ decreases the payoff
of agent 7, which means that we have negative spillovers with respect to the effort

invested:

11(x) = anax(:‘) = pa(x) V(%) + p(x) Va(x) < 0, (5.1)
I} (x) = aHajv(:() = —mx)V(x)+ (1 —p(x))Va(x) < 0. (5.2)

2.1 Strategic complements vs. substitutes

Following Bulow et al. (1985), player i’s effort is a strategic substitute (SS) to the
competitor’s effort if the marginal payoff of player j decreases in the effort of player
i, and is a strategic complement (SC) if it increases.'® Hence, given a two player
game, either (1) both agents regard their effort as a SS, or (2) as a SC, or (3) effort of
player ¢ is a SS to player 7, and the effort of player j is a SC to the effort of player 7.
We will now determine the condition that would allow these four different scenarios
to emerge. Therefore, we will determine the change in the marginal payoffs caused

by an increase in the strategy of the opponent:

M, (%) = pr2(x) V(%) + pi(x)V2 (%) + p2 (x) Vi(x) +p (x) Viz (%), (6.1)

M, (%) = —p12 (x) V() = p1 (%) Va (x) — p2 (%) Vi (%) + (1 = p(x)) Va2 (%), (6.2)

which involves that the sum of the cross effects on the marginal payoff function equals
the cross derivatives of the production function, i.e. IIl,(x) + I3 (x) = Via(x).
Given that Vi, % 0, we therefore have three different cases. A game of strategic

complements (IT{, € R") is only consistent with g-complements (Vi3(x) > 0) and

3Note that due to the properties of the CSF, the players’ marginal payoff depend in a non-
monotonic way on the competitors effort. Following Dixit (1987) we thus define SS and SC in
the neighborhood of the Nash equilibrium (see Definition 2, page 9).
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a game of strategic substitutes (IIY, € R™) is only consistent with g-substitutes
(Via(x) < 0). The mixed case (IT}, > 0 > IT},) is consistent with either g-substitutes
or g-complements and it is also the only case that emerges if Vi5 = 0.!* Furthermore,

we have to note that the assumption of an exogenous rent (V(x) = K) would yield:
Iy(x) = ~11f = pia(x) K,

i.e., the favourite’s (underdog’s) effort is a SS (SC) to the underdog’s (favourite’s)
effort, which is in line with the findings of Dixit (1987), Baik and Shogren (1992).

2.2 Guns in the three basic games

First, we consider the three basic games: the simultaneous move game (I'V) and
the two Stackelberg-scenarios where agent 1 or agent 2 leads (I'** and I'2).!® In
each basic game the agents choose their optimal allocation of their initial resources

subject to the conflict technology and the production technology.

The equilibrium of the game (F N ) is defined by the following system of maximization

programs

N — 4 .

z;' = argmax,, .oz, 1I'(x), ; given
N p— ] . 1

x; = argmax, ¢ g,V (x), z; given.

The FOCs for player 1 and 2 are therefore

mx)V(x)+px)Vi(x)—1 = 0, (7.1)

—pa(x)V(x)+ (1 —p(x)) Vi(x)—1 = 0. (7.2)

14We do not examine the case where I}, = I3, = 0 in the NE as further restrictions on the
third derivatives of the CSF would be required to find out whether there are local commitment
incentives in this case, which is beyond the scope of this paper (see Dixit (1999) and Baye and
Shin (1999)).

Due to symmetry, we know that the studied games are neither supermodular nor submodular,
ie. p%(x) = —p;(x).



Applying the Envelop theorem to (7), it is easy to show that

dx; H;-j(x) =

i.e., the slope of agent’s ¢ best response function at a point in the strategy space is
solely determined by the cross effect on the marginal payoff function which - as was

said before - may vary. Therefore, we will use the following definition:

Definition 2 (Strategic substitutes and complements)
If player i’s effort is a SS (SC) to his competitor’s effort then the best response
function of player j is downward (upward) sloping in the Nash equilibrium of

the game.

The Stackelberg equilibrium is determined by applying backward induction. Thus,
in the game where agent i leads (I'*?), we first focus on the follower’s (F) maximiza-

tion program which is xf (z;) = argmax . ¢po,, )11/ (x). This yields

H? (If(x,),xz) =0. (8)
The leader’s (L) program is now le = arg maxxiE[O,RdHi (%aff(%)), which in-
volves'®
‘ j dj (w;)
I (af a8 01) 18 (et (a1) 2 ) )

Given the optimizing behavior in the basic games, we are now in the position to

rank the level of guns:

Lemma 1

The levels of guns for the Nash and Stackelberg games are such that

1%

(1) if both players regard their effort as a SC (II};(x) > 0): 2 > max {«" 2f} and 2/ >

F L

6For the rest of the paper, we pose xf = a:f (zF).
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(2) if both players regard their effort as a SS (II};(x) < 0): =} > z¥ > af,

(3) if ITj;(x) > 0 > ng(x), player j regards the effort of player i as a SS and player
i regards the effort of player j as a SC. In this case z} > z}Y >z and 2 >

max {2z}, 2"}

Proof. See APPENDIX A.2. m

In our general framework with an endogenous rent, a variation of the level of appro-
priation activities has two effects: one on the contest success function and one on the
rent. In the first case (IT};(x) > 0) both players regard their effort as a SC and this
is only consistent with g—complements (cf. equations 6). Thus, the higher the effort
of player j, the lower the (negative) marginal effect of an increase of player i’s effort
on the endogenous prize. Therefore, both best response functions are increasing in
the NE of the contest subgame. Consistent with games of plain substitutes and
strategic complements the equilibrium levels of guns in both Stackelberg games are
lower than the one obtained at the NE (z > zF and z) > xl). Here, the leader,
say agent 1, undercommits his effort relative to the one in the NE, which induces the
follower, agent 2, to decrease his own effort because of the SC property. In turn, this
increases the leader’s payoff because of the negative externality induced by effort
(I%(x) < 0). However, it may happen that the follower’s effort is higher than the
leader effort of the same player (zf > x¥). This comes from the differences in the
payoff functions. For a sufficient degree of asymmetry among agents, the interaction
effects are much stronger from player 2 to player 1, than vice versa. Then it might
be the case that zf is very close to ' and zl is very far from 2’ as well as z!" from
o, This explains the obtained possible rankings.

In the second case both players regard their effort as a SS (ITj;(x) < 0) which is
only consistent with g—substitutes (cf. equations 6). Thus, the higher the effort of
player j, the higher the (negative) marginal effect of an increase of player i’s effort

on the endogenous prize and therefore both best response functions are decreasing
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in the NE of the contest subgame. Consistent with games of plain substitutes and
strategic substitutes the equilibrium levels of guns in both Stackelberg games are
higher than the one obtained at the NE (z}¥ < 2l and )Y < zI). Here, the leader,
say agent 2, overcommits effort compared to the NE, which induces the follower,
agent 2, to decrease its own effort because of the SS property.

In the third case (IT};(x) > 0 > ng (x)) player j, whose effort is regarded by player i
as a SC overcommits effort compared to the NE (zF > z), whereas player i, whose
effort is regarded by player j as a SS undercommits effort (ij < xjv ). Moreover,

both players’ effort as a follower falls short compared to the NE (xf" < z¥

2 and

2.3 First-mover and second-mover advantages.

Given these rankings, we can now compare the payoffs in the two Stackelberg games
(ISt and I'*2), which will give us the opportunity of detecting first-mover and second-

mover advantages. Given the findings of lemma 1, we can state that:

Lemma 2

(1) If both players regard their effort as a SC (Hﬁj(x) > 0), at least one player has

a second-mover advantage,

(2) if both players regard their effort as a SS (Hﬁj (x) < 0), each player has a

first-mover advantage,

(3) if IT};(x) > 0 > ng (x), player j who regards the effort of player i as a SS, has
a first-mover advantage. Player ¢ who regards the effort of player j as a SC,

has a first-mover (resp. second-mover) advantage if ij > xf (resp. ij < xf ).

Proof. see APPENDIX A.3. =m

In the first case ((IT};(x) > 0)) we may have z)¥ > 2 > 2} for both players, so that
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there is a second-mover advantage for both players since both prefer to follow. If
the leader undercommits effort compared to the NE, both players benefit indirectly
from the reduced cutback of the prize. But, additionally the follower benefits from a
higher effort compared to the leader, which increases his win probability, compared
to the other Stackelberg game. When z\ > zf > z and 2z}’ > z' > z7, only
agent ¢ prefers to follow.

In the second case ((II};(x) < 0)) we have zf > z¥ > x[ for both players. Hence,
each agent prefers to lead. If agent ¢ increases his level of guns, the other player
has to decrease it since guns are strategic substitutes. This improves the expected
payoff of player ¢ twofold by increasing his probability of winning the prize and by

increasing the value of the prize itself. The same arguments can be now be replicated

for the third case (IIi;(x) > 0 > II/,(x)).

3 Selecting a leader through a timing game

The issue of endogenous timing is examined according to the concept proposed by
Hamilton and Slutsky (1990) in their extended game with observable delay. This
extended game T allows players to choose non-cooperatively and simultaneously
their effort in a preplay stage either as soon as (early) or as late as possible (late).
Their decision is announced by the players subsequently. In the consecutive basic
game (%, with k = {N, S, S»}) the players choose their effort according to their
timing decision to which they are committed. Thus, the basic game consists of three
different games: TV if both players decide to exert effort at the same time (whether
early or late), I'*! if player 1 chooses to move early and player 2 chooses to move
late, and I'*2 in the permutation of the players. Thus, if players decide to choose
effort at different times, the player who chooses to move late observes the effort

exerted by the player who chose to move early and acts accordingly.!” It is worth

"Following Hamilton and Slutsky (1990) and Amir and Stepanova (2006), we restrict our attention
to the SPE of I.
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noting that the order of moves does not affect the payoffs which are conditional
only on the players’ strategies. Thus, the payoff of player ¢ when x = (z;,7;) is
the same whether player ¢’s effort is taken before player j’s effort, after or if taken
simultaneously.

The normal form representation of the preplay stage is shown in table 1.1

Player 2

early late
Player 1 | early | TT' (2, 23), 1% (z), 2) | T (ak, o), T2 (2F, 28)
late | ' (2], 23), IP(af a) | I (2, ), IP(af, )

Table 1: Normal form representation of I’

3.1 Solutions to the leadership problem

The solution to this reduced form game is equivalent to characterizing the solution
to the leadership problem. There is no leader if both players choose the same action;
a leader emerges when they choose complementary roles. We obtain the following

proposition:
Proposition 3

(1) If both players regard their effort as a SC (Hﬁj (x) > O), the subgame perfect

equilibria are the two Stackelberg situations,

(2) if both players regard their effort as a SS (Hﬁj (x) < O), the subgame perfect

equilibrium is the simultaneous moves game,

(3) if II};(x) > 0 > ng (x), player j who regards the effort of player j as a SS will

act as a Stackelberg-leader. Player ¢ who regards the effort of player ¢ as a SC

8We remark that the literature on endogenous timing remains divided about how to qualify the
situation where both players choose to lead. Indeed, Dowrick (1986) and more recently van
Damme and Hurkens (1999) consider a Stackelberg warfare where both countries apply their
action as a leader. In contrast, Hamilton and Slutsky (1990) or Amir and Stepanova (2006)
apprehend this situation as the static Nash game. They emphasize that Stackelberg warfare can
occur only through error, since the underlying strategy of one player is not consistent with the
other player’s strategy (Hamilton and Slutsky, 1990, p. 42).
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will act as a Stackelberg-follower.

Proof. See APPENDIX A.4. m

In the first case (Hﬁj(x) > 0) at least one player has a second-mover advantage
(cf. lemma 2.1) and both players prefer their Stackelberg-follower payoff over their
simultaneous play payoff. Given the fact that the leader’s payoff is always higher
than the payoff in the Nash equilibrium, a coordination game results with two pure
strategy Nash equilibria, I'>' and I'*2. In the second case (Hfj (x) < O) both players
have a first-mover advantage (cf. lemma 2.2) and prefer their simultaneous play
payoff over their Stackelberg-follower payoff. Thus, both players have the dominant
strategy early which leads to a simultaneous move game (I'V). In the third case
(I (x) > 0 > Hfj(x)) player j, who has a first-mover advantage (cf. lemma 2.3),
prefers his NE payoff over his follower payoff and has therefore a dominant strategy
(early). Player i, on the other hand, always prefers his follower payoff over his
NE payoft, whether or not he has a first-mover advantage. Therefore, given the
dominant strategy of his opponent, a rational player ¢ will always choose late, so
that the unique solution to the timing game is I'%.

From PROPOSITION (3), we may deduce the following COROLLARY.

Corollary 4 Hamilton and Slutsky (1990) and rent dissipation
Every SPE of the extended game [ is Pareto undominated although rent dissipation

might be higher than in non-SPE. More precisely

(1) If both players regard their effort as a SC (II;(x) > 0), both subgame perfect
equilibria (I'** and ') Pareto-dominate the NE. Moreover, the levels of guns

for the Nash and Stackelberg games are such that " + 2V > zf 4+ 2f.

(2) If both players regard their effort as a SS (II};(x) < 0), the payoffs in the simul-
taneous move game and the two sequentiell payoffs are not Pareto-rankable.
Moreover, the levels of guns for the Nash and Stackelberg games are such that

N N =< _L F
Tyt = ay .
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(3) IfIT};(x) > 0 > IIj;(x), the subgame perfect equilibrium (I'>/) Pareto-dominates
I'% as well as I'N. Moreover, the levels of guns for the Nash and Stackelberg

games are such that =¥ + 2 > 2l + 2.

Proof. Immediate. m

These findings are based on the following facts: If we observe sequential play in equi-
librium, the leader always undercommits effort compared to the NE. If we observe
simultaneous play in equilibrium, both players’ effort is - ceteris paribus - lower than
as a Stackelberg leader.

In the first case (Hﬁj(x) > 0) both players’ best response functions enter the Pareto
superior set if we specify it at the simultaneous NE. Moreover, the leader, in this
case, undercommits effort compared to the NE (cf. lemma 1.1) and therefore both
Stackelberg scenarios Pareto dominate the NE and the rent dissipation in I'** and
%2 fall short compared to I'V. In the second case (Hﬁj(x) < O) both players prefer
their NE payoff over their follower payoff (cf. proposition 3.2). Thus, neither of
the best response functions enter the Pareto-superior set and that is why the SPE
of T' (I'V) Pareto dominates I'S' as well as I'2. Note that the difference in the
rent dissipation between the simultaneous move game and the two sequentiell move
games is indeterminate in this case. Thus, choosing effort sequentially might lead to
social improvement in terms of resources spent in the contest compared to the SPE
of the game. In the third case (II};(x) > 0 > ng(x)) only player ¢ prefers his NE
payoff over his follower payoff. Thus, only player i’s best response function enters
the Pareto superior set. Moreover, player j undercommits effort and since in this
case the SPE of I is the Stackelberg scenario with player j being the leader, I'

Pareto dominates I'’V as well as I'%i.

15



3.2 When the underdog leads or follows

With PROPOSITION (3) we will now establish when the underdog leads or follows.
If we consider an exogenous prize we observe that the favorite regards the effort of
the underdog as a SC, while the underdog considers the effort of the favourite as a
SS. Thus, applying PROPOSITION (3), we conclude unambiguously that at the SPE
the underdog leads while the favorite follows. This result does no longer hold if the
prize is endogenous, i.e. if it depends on the appropriative activities of each player.

The underdog does not lead means that we find in equilibrium
e that the underdog may choose effort simultaneously with his competitor,
e that the favourite may lead.

Thus, using the results of PROPOSITION (3) we get the following taxonomy of
endogenous leadership based on the slope of the players’ best response functions
in the NE of the contest subgame (II};(x)) as well as on the characteristics of the

prize-production technology (Vi2(x)).

1T}, (x) Via(x) >0 Via(x) <0 Via(x) =0
Both
players 1
may lead ‘/12(X) < HlQ(X)
>0 if 1 follows, 2 leads L follows
2 leads
1 follows
2 leads Vip(x) > I11,(x)
if
no
countr
e Via(x) > Ty (x)
<0 1 leads, 2 follows if 21f(1j1a0 C}}:S
1 leads,
2 follows Via(x) < T, (x)
if

Table 2: Leadership in the extended game contingent on sign (Vi2(x)).
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Let us first consider the case where guns are g—complements, i.e. Vis(x) > 0
and where player 1 regards the effort of player j as a SS (II},(x) < 0). Here, we
unambiguously have leadership of the player 1. This, as we already established,
is independent of the players’ win probability. Thus, the leader in the SPE of the
extended game might very well be the favourite. In a similar way, we can assume that
guns are g—substitutes (Vio(x) < 0). Let again, I1},(x) < 0 and Via(x) > II},(x)
(from which follows that I12,(x) < 0). In this case both players want to move early,
since becoming a follower leads to the lowest possible payoff. Hence, the SPE of T is
the NE in the contest subgame. This means that both players choose to exert effort

at the same time as their opponent, independently of the players’ win probability.

3.3 Two examples

In order to give the reader a better understanding of our findings we now introduce

two simple examples.

3.3.1 Example 1

Let V(x) = ((R1 — 1) 4+ (Ro — 222))", with @ = 2 so that Vi(x) < 0. Let Ry =
Ry = 10 and fi(x1) = 21 and fa(xe) = 225. In the NE of the contest subgame
it is x) ~ 1.67368 and z{ ~ 4.73387, so that player 2 is the underdog (pi» > 0).
Given the leadership of player 1, it is #F ~ 5.48093 and 2 ~ 1.64894, so that the

favourite overcommits effort, compared to the NE as explained by Dixit (1987). In

Player 1 Player 2
I (27, 2)') &~ 2.93447 | I1? (27, 2}’) ~ 2.07498
! (zh, o)) ~ 2.94849 | T1%(2f, 28) ~ 1.77411
I (2, 28) ~ 2.49145 | T1*(21, k) ~ 2.08981

Table 3: Payoffs in the three basic games for the 1st example.

the other Stackelberg scenario where player 2 is the leader we get xl ~ 1.94087 and

xi" & 4.62778, so that the underdog also overcommits effort compared to the NE.
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As explained above, this results from the fact that both players regard their effort
as a SS. Therefore, no matter whether pis(x) % 0 both players increase their effort

as a Stackelberg-leader compared to the NE:
ab >l > ol

Given this, it is easy to compute the payoffs in all three games, which are given in
table 3, where we can see that both players rakn their payoffs according to
H’(If,xf) > H’(va,xjv) > Hz(xf,xf)

Given these payoffs it is obvious that both player prefer their leader-payoff over
their follower-payoff, i.e. both player have a first-mover advantage. Comparing the
payoff in the NE with those in both Stackelberg games leads to the conclusion that
being a Stackelberg follower is the worst case scenario for both players. Hence, both
players will choose to move early, or to put it differently, favourite and underdog will
play simultaneously. This can also be seen from figure 1. Here, the thick concave
(convex) function represents the best response function of player 2 (player 1), and
the concave (convex) black dashed line represents the iso-payoff-curve of player 1
(player 2) in the NE of the contest subgame (I'V). The grey surface represents the
set of strategy combinations that improve upon the NE of the contest subgame, in
the Pareto sense. The dotted line represents the set of strategy combinations that
cause p(x) = % Thus, since the NE of the contest subgame lies to the south-east
of the dotted line, player 1 is, according to Dixit (1987) the favourite. However,
as mentioned earlier, both players regard their effort as a SS so that both have an
incentive to increase their effort compared to the level in the NE if they are supposed
to make a strategic precommitment. Hence, the subgame perfect equilibrium of the
contest subgame with player 1 (player 2) being the leader lies to the east (north) of

the NE and outside the Pareto-set.
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Figure 1: Strategy space in the 1st example

3.3.2 Example 2

Let V(x) = (R — x1) (R2 — 215) so that Vis(x) > 0. Again, let R; = Ry = 10 and
fi(x1) = 21 and fo(xy) = 225. In the NE of the contest subgame it is 2 ~ 2.84146

and 73 ~ 1.4993, so that player 1 is the underdog (p;2 < 0). Given the leadership

Player 1 Player 2
I (2], 2)) ~ 21.5442 [ TP (2], 2)') ~ 24.2349
' (zf, 2)) ~ 22.4007 | T1*(xf, 28) ~ 32.7104
I (zf, 28) ~ 27.6314 | T1*(21, 2d) ~ 24.6733

Table 4: Payoffs in the three basic games for the 2nd example.

of player 2, it is #} ~ 1.1511 and 2" ~ 2.70439, so that the underdog undercommits
his effort, compared to his effort in the NE of contest subgame as explained by

Dixit (1987). In the other Stackelberg scenario, where player 1 is the leader we
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get xf &~ 1.9555 and z" ~ 1.36804, so that the favourite also undercommits effort
compared to the NE. As explained above this results from the fact that both players
regard their effort as a SC. Therefore, no matter whether p;, is greater or smaller

than zero, both players decrease their effort compared to the NE:

A~

Given this, it is easy to compute the payoffs in all three games, given in table 4,
where we can see that both players rank their payoffs according to
(2], af) > (), 2l) > I (2 2)).

Given these payoffs it is obvious that the NE of the contest subgame is Pareto-
dominated by both Stackelberg scenarios, where the latter can not be Pareto ranked.
Hence, we have a coordination issue, since both Stackelberg scenarios are a SPE of
the extended game. This can also be seen from figure 2. Here, the thick black lines
represent the best-response-functions of player 1 and 2 respectively, intersecting at
'V where both curves have a positive slope, so that II;;(x)* > 0, for i,j = 1,2.
Furthermore, the NE lies to the north-west of the dotted black line, where fi(x;) =
fa(2), so that player 2 is the favourite. The dashed black curves, again, represent
the iso-payoff curves of both players given the NE of the contest subgame. Due
to the fact that both players regard their effort as a SC, they both will decrease
their effort as a leader, compared to the simultaneous move game. And since both
best-response functions are upward sloping, this will also decrease the best response
of the competitor. Thus, both Stackelberg-equilibria (I'** and I'*?) lie inside the
Pareto-set (grey lense), proving that indeed they both Pareto-dominate the NE of

the contest subgame, whereas the SPE cannot be Pareto-ranked among each other.
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Figure 2: Strategy space in the 2nd example

4 Conclusion

Based on the endogenous timing game by Hamilton and Slutsky (1990) we have
provided a framework for the analysis of endogenous leadership in models of contest
for the case of an endogenous prize, given a CSF of the logit type. In a preplay stage
to a basic contest subgame players decided whether they exert effort as soon or as
late as possible and their decision, to which the players are commited, is announced
by the players subsequently. Within this model we introduced a taxonomy of en-
dogenous leadership, based on the properties of the players’ best response functions

as well as on the characteristics of the prize-production technology.

We found that if sequential play emerges in the SPE of the extended game, than

21



the leader always undercommits effort compared to the NE of the contests subgame,
which is in line with the findings of Baik and Shogren (1992).

But, we also found (1) that even though the leader undercommits effort, he does
not have to be the underdog of the contest subgame, i.e. the one player whose
win probability in the NE of the contest subgame falls short compared to the win
probability of his competitor, which is contrary to the findings of Dixit (1987) and
Baik and Shogren (1992). Thus, the Stackelberg-leader in the SPE of the extended
game may very well be favourite.

Moreover, (2) we found that sequential play is in no way the only solution to the
endogenous leadership game. As in the case of g-substitutes it might be that favourite
and underdog decide to move simultaneously (when Hﬁj < 0).

Furthermore, we found that every SPE of the extended game is Pareto-undominated,
which is in line with the findings of Baik and Shogren (1992). These findings are
based on the following facts: If we observe sequential play in equilibrium, the leader
always undercommits effort compared to the NE. If we observe simultaneous play
in equilibrium, both players’ effort is - ceteris paribus - lower than as a Stackelberg
leader.

But, we also found that for the case when both players regard their effort as a SS
the rent dissipation in a non-SPE (any sequentiell move game) might be lower than
in the SPE of the extended game (the simultaneous move game), which is contrary

to Baik and Shogren (1992).
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A Appendix

A.1 Existence and uniqueness of Nash equilibrium

From the First Order Conditions, we have at the Nash equilibrium:

_ N
Vl(XN)zl nV (x )’
P
and
1+p2V(XN)
Vo (xV) = ——— 72,
() = LV

The Second Order Conditions are given by

Hh () = an (X) + 2p1V (X) + an (X) s

and

115, () = =p22V (x) = 2p2V (%) + (1 = p) V2 (%) .

From Assumptions (Vj; () < 0) and (f/(.) < 0), we have p;; < 0 and then

I}, (.) <0 and I}, (.) < 0.

(10)

(11)

(12)

(13)

The concavity of the objective functions insure the existence of a Nash equilibriun.

To establish the uniqueness we consider the cross derivatives of the objective func-

tions given in equations 6. Let define Q = p1oV (x) + p1Va (x) + p2 Vi (x), we have

H%Q () =Q+pVia (x),

and

I () = =0+ 1—p) Va2 (x).
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We consider several cases depending on the sign of Vi3 (x), ITi, (.) and I3, (.). Two

situations are not relevant:

o If Vi5(x) > 0, I}, (.) < 0 and 113, (.) < 0, the production function still
highlights g-complements and efforts are strategic substitutes. It is easy to
compute that this case is not possible. Indeed, we have a contradiction:

I, () <0 Q< —pVia(x) <0

<~ .
2, () <0 Q>(1—p)Via(x)>0

e In a similar way, we can eliminate the situation where the production function
has g-substitutes and efforts are strategic complements, that is when V}5 (x) <

0, I}, (.) > 0 and 112, (.) > 0. We obtain

I}, () >0 Q> —pVia(x) >0
& :
I3, (1) >0 Q< (1—p)Vip(x)<0

e We now consider the mixed cases, that is when efforts are strategic comple-
ments for one player, while they are strategic substitutes for the other. For
instance, if Vs (x) > 0, [T}, (.) > 0 > 1%, (.), we have

I, (1) >0 Q> —pVip (x)
. & =Q>0. (16)
1,0 <0 | Q>0 -p Vs
The reaction function of player 1 is increasing in the effort of her opponent
while the reaction function of player 2 is decreasing. To establish the unique-
ness, we will assume that there are at least two Nash equilibriums denoted by

xN = (2, 2)) and yV = (y7,yY). If the slopes of the reaction functions at
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the Nash equilibrium (27, 2%) are given by (16), that is

I, (. 112, (.
B (o) =~} >0 and B o) =~ <o,

these at the following Nash equilibrium yv cannot be identical (since the

objective function are continuous) and then we have

/ N __H%2(') / Ny _
Rl(yQ)— H%1(~)<O and RQ(yl)—

Implementing (10) and (11) into the expressions of 1}, (.) and 113, (.) yields

at xV
1 N 1 . . . N b1 b2 N
1T, (X ) pi(l ) [p12 (1 —=p)p —papr (1 = 2p)|V (X ) + —» + ) + pVio (x )
. hn b2 N

since the logit form of the CSF involves (3). Similarly, we deduce that

I, (V) =~ = S (=) Vi ().

From (16) we can establish that

P _ N P P2 N
T, 0 p)Vm(x)<1_p+p+me(x),

or equivalently
2 ppi+(1—p)p

Via (%) < 5 -2 (I=pp )
and
Via (y) > 1_22ppp1(‘;(_1p—)§)p2' (18)
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From piop (1 — p) — p1p2 (1 — 2p) = 0, we deduce that

2 pmtl-ppp_ 2 p
1-2p (1-p)p (1—-2p)* "p2’

which is negative if player 1 is the favorite (p;2 > 0) or positive otherwise.

Thus the inequalities (17) and (18) involve a contradiction.

e A similar reasoning applies if we are in presence of g-substitutes (V12 (x) < 0).

e We consider the two last situations where the production function has ¢-
complements (g-substitutes) and efforts are strategic complements (substi-
tutes). We adopt the contraction aproach. For Vjs (x) > 0, ITj, (.) > 0 and

1%, (.) > 0, we have

I, () >0 N Q> —pVis (x)
2,()>0 | Q<@-pVuk)
We have
’Hb ()} ’H%Q ()} - H%Q () H%Q ()

= (Q+pVi2 (%)) (=2 + (1 = p) Vi2 (%))
< (Q+ Vi2 (%)) (—Q 4 Viz (x)) = (Va2 (x))* = Q7

< (Viz(%))*.

From (12) and (13), we know that under assumption (f/(.) < 0)

H%l () < pVi1 (x) < Vi1 (%),

and
I3, (.) < (1= p) Vaa (x) < Vaz (%)
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Thus, assumption (1d) yields

< L
ViiVas

OO <

A.2 Proof of Lemma 1 (Comparison of the levels of guns).

By definitions of the Stackelberg and the Nash equilibria, we have
(19)

The leader of the Stackelberg game always has a utility level superior or equal to the

utility level obtained at the Nash equilibrium.

Moreover, we may establish from the FOCs at the Nash and Stackelberg equilibria that:

Hﬁ (va,xév) :H§ (xf,x]L) =0 (20)

We distinguish several cases depending on the signs of I}, for each player. Remark that

15, < 0 in order that the SOCs are respected.

If T} (x) > 0, expression (20) then yields:

N F N L

(21)
xiv > .CCZF = :cév > .CC]L
If T} (x) < 0, we have
xiv < .CCZF = :cév > .CC]L (22)

N F N L
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Since Hé- (x) < 0 the definition of the Nash equilibrium induces

I (:cN xN) > 1T (xz,xév) > 1T (xZL,xév)

The inequality xév < xf then involves
I (:cN :cN) > 1T (mL xN) > II (aciL,xF) ,

iy i) J

which contradicts the relation (??). We deduce that

IT(x) < 0 & o} > 2. (23)

Combining our preceding results (21), (22) and (23), we obtain

II};(x) > 0= (24)
N > 2k
and
I (x) <0<z >z >af (25)

We now consider the different cases.

1. Vi € {1,2}, Hﬁj(x) > 0 : the guns’ levels are strategic complements for both
players. Since by definition p(.) > 0, V(.) > 0, pa(.) < 0, Va(.) < 0 and

I . .
sign {dxéx(ixl)} = sign {Hﬁj(x)}, we have:

[pg (xz,xf (xz)) %4 (xz,xf (xz)) +p (xz,xf (:1:1)) Va (xz,xf (xz))] s <0 (26)

Combining the FOCs for the three basic games and the sign of (26) yields

vie{1,2}, II (x{‘,xf) > I (xf,xf) =11 (va,xjv) (27)
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From (27), we have

aF >l = xf > xf (28)

From (24) and (28), we have two following rankings:

N>:cf>xiL va>xZL>:cf
or (29)
N F L N F L

2. Vi € {1,2} and i # 7, Hﬁj (x) < 0 : the guns’ levels are strategic substitutes for

both players. From (24), we immediately have the following ranking;:

xZL > :cfv > xf
(30)
L N F

3. Vi e {1,2}, Héj (x) > 0> ng(x) : the guns’ levels are strategic complements for

country ¢ and strategic substitutes in country j. We then have

F F F F dxf (i)
daF (z;
[—po (2 (25),2)) V (2F (%)), 25) + (1 —p (zf (25).,2;,)) Vo (2 (z)),2;)] %
J
which induce
L .F ) 7 N N

w(r)<w (e m(ea)

16 (o) > 16 (o at) = 10 (=, o7)
From (24) and (25), we always have CCN] > oF ;j- From the equalities in (31), we

deduce that:
F N L N
xj <l &y <z

F N L N
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and from the inequalities in (31)

F L L F

F L L F

There are two possible rankings:

L N F L N F
T > T > T T > T > T

or . (32)
N L P N P L

A.3 Proof of Lemma 2 (First-mover and second-mover advantages).

We consider the three situations:

1. ForVi e {1,2}, Hﬁj (x) > 0. The rankings of guns’ levels are given by (29). Using the
definition of the first and second-mover advantage, we deduce that when :cf > :cf ,

g (:cf,:c]L) > g (xZL,x]L) > I (:cf,:cf),

where the first inequality results from the definition of the follower’s maximization
program and the second from the fact that xJL < xf and Hé(x) < 0. Since at least
one country experiments xf > :cf in the rankings given in (29), at least one country

has a second-mover advantage.

. For Vi € {1,2}, Hﬁj (x) < 0. The rankings are given by (30). In a similar way as in

the preceding case, we establish that



where the first inequality results from (?7?), the second from the definition of the
Nash maximization program, and the third from the fact that xév < a:jL and Hé-(x) <

0. Each player then has a first-mover advantage.

3. Hﬁj(x) >0> ng(x). We have the rankings (32). Since zF > 2V always holds, we
establish that

W (akaf) > W (Y.al)

which means that player j has a first-mover advantage. It may happen that country
1 also benefits from a first-mover advantage too, that is when the ranking :cf > xf

obtains. If xJL < xf , then it benefits from a second-mover advantage. [

A.4 Proof of Proposition 3 (Subgame Perfect Equilibria).

From (??) we always have: IT’ (xZL, xf) > IT° (:cfv, xj\[), Vi € {1,2}. In order to determine
the SPE, we only have to compare the utility levels when the country follows and when it
plays simultaneously (IT* (mF xl ) < TIr (xN Y ) ). We consider the preceding situations:

1] i 0]

1. Vi e {1,2}, Hﬁj(x) > 0 : the rankings (29) yield

Hl(xf,xf) > Hz(va,ij)

> 1T (acfv,xév),

where the first inequality results from the definition of the Follower’s maximization
program, and the second from the fact that :cf < xév and Hé- (x) < 0. The SPEs are

then the two Stackelberg situations.
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2. Vi € {1,2},IT};(x) < 0 : the ranking (30) yields

Hi(acN,:cN)2H(:cF:c )>HZ( JL),

since :c < ac and II¢. ;(x) < 0. We deduce that the SPE corresponds to the static

Nash situation.

3. I IT};(x) > 0 > IT};(x): the rankings (32) yield

since xZL > :ch and H}(X) < 0. Player j, for who guns are strategic substitutes, has

a strict dominant strategy (Leads). Player i always prefers to follow than to play

the simultaneous game (II° (xf , JL> > IT° ( i T )) The SPE corresponds to the

situation where player j leads and player ¢ follows.[]
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