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Abstract

We analyse competition between two network providers when the
quality of each network depends negatively on the number of customers
connected to that network. With respect to price competition we pro-
vide a sufficient condition for the existence of a unique pure strategy
Nash equilibrium. Comparative statics show that as the congestion ef-
fect gets stronger quantities will decrease and prices increase, under
both Bertrand and Cournot competition. In an example with endoge-
nous capacities it turns out that capacities are strategic substitutes
for both modes of ensuing competition. Welfare comparisons between
Bertrand and Cournot competition are unambiguous for fixed capaci-

ties, but may turn around for endogenous capacities.
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1 Introduction

Communications networks like the Internet or the telecommunication net-
works share two main features. First, there are positive network externalities,
i.e. consumers’ utility from using the network increases with the number of
other consumers. But second, there are also negative congestion externali-
ties. Given the transmission capacity of a network infrastructure the num-
ber of telephone calls or data packages which can be transferred at a given
speed is limited. On the other hand, by reducing the speed or introducing
short breaks in individual transmissions the amount of connections can be
extended even with a given capacity. More generally, while the network ca-
pacity does not impose a strict limit on the number of transfers, the quality
of transfers will decrease when the total number of transfers in the network

gets large.

This paper focuses on congestion effects and their implications for compe-
tition between network providers. Our leading example are Internet service
providers (ISP firms) which offer connection to households and other firms.
In view of the huge size of the world wide Internet we abstract from the net-
work externalities. Instead, individual connection decisions are mainly based
on the ISPs’ connection prices and the qualities of their network services.
Measuring quality as the average waiting time for downloads and/or the
expected loss rate of data packages, the quality provided by an ISP depends
positively on the capacity of its network and negatively on the data flow the
ISP has to transfer.! Hence we will model congestion effects as smoothly

increasing in a firm’s demand and decreasing in its capacity.

We will analyze a simple two stage game with two network providers and
a continuum of consumers who have to decide with which provider they
connect. Consumers differ only in their willingness to pay for a given quality

of connection, but quality is affected by congestion effects. Providers face

!The network capacity of an ISP is determined by the amount and the quality of its
servers and routers as well as its connections to other ISPs and to Internet Exchange
Points. The digital nature of the Internet implies that the quality of a connection as
perceived by the customers is a smooth and decreasing function of the total data flow the
ISP has to handle.



no production cost except capacity cost. In the first stage providers choose
their capacities. Competition for consumers takes place in the second stage

where we will consider both Bertrand and Cournot equilibria.

A crucial assumption of our model is that congestion effects are ‘sufficiently
smooth’ in the firms’ demands. While this assumption rules out kinked-
like congestion effects, where network qualities would sharply deteriorate at
particular demand levels, it guarantees that in the second stage of the game a
unique pure strategy equilibrium exists—under both Bertrand and Cournot
competition. While this result is not surprising for Cournot competition,
it is in contrast to the so—called ‘Edgeworth cycles’ which can occur under
Bertrand competition with strict capacity constraints. It is also contrary to
the existence of multiple pure strategy Bertrand equilibria when firms have

smooth and convex cost functions (see Dastidar (1995)).

Comparative statics in the strength of the congestion effect show that the
equilibrium quantities are decreasing while the prices are increasing in the
strength of congestion. These results hold irrespective of the mode of com-
petition; moreover, it turns out that the differences between the Bertrand
and Cournot equilibria are decreasing when the congestion externality gets

stronger cet. par.

With respect to the firms’ capacity choice in the first stage of the game we
investigate an example which shows that capacities are strategic substitutes,
regardless of the mode of competition in the subsequent stage. Welfare com-
parisons show that the two—stage equilibrium with Cournot competition is
preferred to the one with Bertrand competition, which is due to the fact that
Cournot induces higher investments in capacities (whereas, with given ca-
pacities, Bertrand would be preferred). The comparative statics with respect
to the strength of congestion effect show that the equilibrium capacities are
at first increasing and then decreasing in the strength of congestion. With
rather low congestion effects the firms try to restore their network qualities
by increasing their capacities. With strong congestion effects this strategy

would become too expensive and firms start to reduce their capacities.

Although the sequence of moves and the cost structure assumed in our

model are similar to Kreps and Scheinkman (1983), the structure and aim



of the model is quite different. While Kreps and Scheinkman assume a strict
capacity constraint, our model implies that the initial capacity choice has an
indirect and smooth effect on a firm’s demand at the competition stage. We
do not find that the capacity—Bertrand sequence leads to ‘Cournot outcomes’

in any sense.

Other related papers are duopoly models with differentiated goods, for ex-
ample Singh and Vives (1984), Cheng (1985), and Maggi (1995). However,
none of these analyze endogenously differentiated goods. In our model, ver-
tical product differentiation is an endogenous outcome of firms’ capacity

choices and consumers’ connection decisions.

Endogenous (vertical) product differentiation with respect to the Internet
is analyzed for example by Crémer et al. (2000) and Laffont et al. (2001).
In contrast to our model, their focus is on product differentiation due to
positive network externalities. The papers most closely related to ours are
Scotchmer (1985) and, in particular, Engel et al. (1999). These papers also
analyze the effects of negative congestion externalities on competition. With
respect to road pricing, Engel et al. state conditions for the existence of a
Bertrand equilibrium in pure strategies, but their ensuing analysis focuses
on welfare comparisons. In particular, they take capacities as given and do
not explore the comparative statics in the strength of the congestion effect.
Similar holds for Scotchmer who analyzes only symmetric equilibria under
the ‘everyone buys’ assumption and focuses on the relations to club theory

and general equilibrium theory.

Section 2 sets out the model. Section 3 analyses Bertrand and Cournot
equilibria for fixed capacities, and comparative statics in the congestion
effect for symmetric capacities. Section 4 analyses the capacity choices for
a specific congestion function, and then takes up the comparative statics in

the congestion effect. Section 5 provides some concluding remarks.

2 The Model

There are two firms (Internet service providers, ISPs), i = 1,2, which offer

connection to the Internet. On the demand side is a mass one of consumers



who are uniformly distributed over the unit interval and indexed by 6 € [0, 1].
Each consumer connects to at most one ISP. If a consumer connects to firm ¢
his utility v depends on his preference parameter 6, on the firm’s connection

price p;, and on a negative congestion externality ¢; to be explained shortly:

u(qi,pi, 0) =1 -0 —q; —p; (1)

The congestion externality ¢; increases with the number of consumers con-
nected to firm ¢ and decreases with the firm’s capacity k;. Letting D; denote
the number of firm ¢’s customers, ¢; is determined by a differentiable function

¢i(Dj, k;) > 0 with the following properties (in the relevant ranges):?

qi(0,k;) =0, gip >0, gipp >0

gir <0, qigk =0, qup <0 for D; > 0.

The more customers use a network the more data packages have to be sent
on that network and the higher is the expected delay and/or the loss rate. On
the other hand, if capacity is expanded the congestion externality decreases
gradually. Thus, capacity has a smooth positive impact on the network’s

quality.

The firms face identical ¢;—functions, i.e. if D1 = Dy and k1 = ks then
q1 = go. Normalizing the connection costs per customer to zero, firms have
only capacity cost ¢(k;) with ¢ > 0 and ¢’ > 0. Firms’ profits m; are given
by

™ = piD; — (ki)

We envision the following sequence of moves. In the first stage firms si-
multaneously choose their capacities k;. In the second stage they compete
for customers by committing simultaneously to either prices (Bertrand) or
quantities (Cournot). In this stage capacities are fixed and commonly known
to the rivals and the consumers. In the final stage consumers decide on con-

nection. We solve the game by backward induction.

2For notational simplicity let ¢;p := 9qi(D;, ki) /OD; and so on.



3 Fixed capacities

In the following we will analyze and compare Bertrand and Cournot equilib-
ria when capacities k; > 0 are fixed and given. Concerning Bertrand compe-
tition we provide a sufficient condition for the slope of the g;-function with
respect to D; which guarantees that a unique equilibrium in pure strategies

exists.

3.1 Bertrand competition

In the Bertrand game the two firms simultaneously commit to their prices
p1 and po and connect every consumer who buys at that price. Knowing
the firms’ prices and capacities consumers then decide on whether to con-
nect to one of the firms’ networks. Therefore, we will first determine the
consumers’ decisions and the firms’ demand functions. We then proceed by

characterizing the firms’ pricing decisions.

Concerning consumers’ decisions the following is implied by (1): If D; > 0
then there is a critical consumer 6 < 1 such that u(g;, p;,0) > 0 < 0 < 6.
It always holds that D + Dy = 0. Moreover, if both firms have positive
demand then every consumer must be indifferent between the two firms, i.e.
u(q1, p1,0) = u(q, p2,0) for all 6. Similarly, if D; > 0 = D; with ¢, j € {1, 2}
and j # i, then u(q;,pi,0) > u(qj,p;,0) for all . In a demand (Nash)
equilibrium these conditions must be satisfied at the corresponding levels
of qi(D;, k;). The following lemma establishes that there always exists a
unique demand equilibrium and that the firms face ordinary demand func-
tions D;(pi, pj, ki, k). (The exact derivations of the demand functions are

given in the proof).

Lemma 1 For every ki, ke > 0 and p1,p2 > 0, the following holds:

(i) D1 and Dy are uniquely defined and continuous functions of p1, pa, ki1, k.
(11) If p; = 0 then D; > 0.

(iii) If D; > 0 then D; is strictly decreasing in p; and kj and strictly in-

creasing in pj and k;.

Proof See appendix.



Using D;(-) the firms’ profit functions 7/ are

7 (piy pjs kiy ki) = piDi() — c(ky).

Part (i) of Lemma 1 shows that each firm can earn a strictly positive rev-
enue, part (iii) reveals that each firms’ demand is strictly decreasing in its
own price if D; > 0. However, the firms’ profit functions need not to be
strictly concave in their own prices. The following assumption assures that
the profit functions are well-behaved and that there exists a unique profit-

maximizing price:
Assumption 1 ¢;pp < ¢ip(1+ ¢;p)
In words, convexity of the g—function should not be too strong.? While As-

sumption 1 excludes, for example, a kink-like shaped g—function, we obtain:

Lemma 2 If Assumption 1 holds, then 7P (pi,p;, ki, k;) is strictly quasi—

concave in pj.

Proof See appendix.

Thus, 77 has a unique maximum in p;. With positive demands for both

firms, the firms’ reaction functions pf(p;,-) are implicitly given by:*

on; 1+4¢gjp
= Di+ piDiy, = Ds — :
Op; Lo " aip(L+gip) +aip

=0 (2)
Based on Lemma 2, and once more on Assumption 1, we finally get:

Proposition 1 If Assumption 1 holds, the Bertrand game has a unique
equilibrium in pure strategies (p? (k1,ks), p¥ (ke, k1)) for any pair of capaci-
ties k1, ko > 0. It satisfies pf > 0 and DlB > 0 both i.

Proof See appendix.

Note that, generally, the existence of a unique Bertrand equilibrium in pure
strategies cannot to be taken for granted. It is well known that under a usual

capacity constraint the ‘Edgeworth cycle’ phenomenon can arise, i.e. that

3Assumption 1 is satisfied by several plausible examples. In particular: ¢; = D;/k; or
q; = exp(D;/k;) — 1, or, for k; > 1, ¢ = D;/(ks — D;).
“Employing (14) in the appendix.



price equilibria exist only in mixed strategies. To assure the existence of a
pure strategy equilibrium either capacities must not be too large (namely,
not exceeding the Cournot quantities) or the cost functions must be smooth
and strictly convex. For the latter case Dastidar (1995) shows that there
exists a multiplicity (continuum) of pure strategy Bertrand equilibria. In
our model, Assumption 1 suffices to guarantee both the existence and the

uniqueness of a pure strategy Bertrand equilibrium.

3.2 Cournot competition

With Cournot competition, the two firms simultaneously commit to sales
quantities and adapt prices until that amount is sold. As the demand quan-
tities are effectively chosen by the firms, we will denote them by lower case
dy and dy and the resulting prices as functions P;(d;,d;, ki, kj). Since the
critical consumer is given by = d; + d2 < 1, (1) implies that

Pi(-) =1—dy — da — qi(di, ;) (3)

In order to avoid a negative price each firm will obey d; < 1. This implies
that both firms are able to make positive revenues. Furthermore, it is easy

to verify that each firm’s profit
i (dis dj, ki k) = P(-)di — c(k)

is strictly concave in d;. Hence, the profit maximizing choice of d; is uniquely

characterized by the first order condition

(97Tic
od;

=P — (14 qip)d; = 0. (4)
Evaluating the reaction functions d} (d;, k1, k2) as implied by (4) we get

Proposition 2 The Cournot game has a unique equilibrium in pure strate-
gies (d$ (k1,k2),dS (k1,k2)) for any pair of capacities ki, ke > 0. It satisfies
d$ >0 and PE > 0 both i.

Proof See appendix.



3.3 Comparisons and Comparative Statics

In this section we will compare the equilibria under Bertrand and Cournot
competition with respect to quantities, prices and social welfare. We then
discuss how the equilibria change if the strength of the congestion effect

increases.

3.3.1 Bertrand, Cournot, and Welfare

Using (2) and (4) we obtain the standard result that Bertrand competition

is more competitive than Cournot competition:

Proposition 3 Bertrand competition leads to higher quantities and lower
prices than Cournot competition, i.e. D? > dlc and pf < Pic both i, for all
ki, ko > 0.

Proof Evaluating (2) at the price which is implied by the Cournot reaction
function, i.e. at p; = P;(d} (dj,-),-) given by (4), yields
onB

Op;

(1+4ip)(1 +4¢jp)
¢p(1+¢jp) +¢jp

:D1,+(1+Q1,D)D1D1,pz =D;|1-— <0

From this the claim follows. l

While prices are lower under Bertrand competition, they are still higher

than the welfare-maximizing prices:

Proposition 4 Bertrand competition leads to lower quantities than the first
best, for all ki, ks > 0.

Proof In our context aggregate welfare is simply given by (using Dy + Dy =
0):

D, 0 Do 6
W= = [ 1=0—aDyk)]do+ = | [1=0-q(Ds, ko)] db
Z Jo = J0

1
= 00— §Q2 — D11 — Dag2
Differentiating with respect to D; yields the Pareto—optimality conditions:

1—Q—qi—D,~q,~D =0 both i. (5)



However, in the Bertrand equilibrium the first order condition is given by
(2) which, together with the price equation p; =1 — 6 — ¢; (from (1)) yields

45D .
1—-0—gq; — 1+7)D" =0 both 3.
& ( ¢ip(1+¢jp) 1D

Comparison with (5) shows that the Bertrand quantities are below the

first—best quantities. Wl

3.3.2 Comparative statics in the strength of congestion

The comparative statics with respect to the congestion effect will be dis-
cussed for the symmetric case, i.e., the case in which the firms have the
same capacities k := k1 = ko > 0. This also implies that the Bertrand as
well as the Cournot equilibria are symmetric. We introduce a shift parame-
ter ¢ such that the firms’ congestion externalities are given by ¢(D, k) with
D := ¢D. If ¢ is increased the congestion effect gets ceteris paribus stronger,
both absolutely and marginally. Furthermore, note that ¢ = 0 = ¢ = 0 leads
to the standard Bertrand and Cournot equilibria with linear demand and
zero production costs, i.e. to (p?, DP) = (0,1/2) and (P%,d%) = (1/3,1/3),

respectively.

Summarizing the comparative statics with respect to the congestion effect

we obtain:

Proposition 5 The equilibrium quantities DB and d are strictly decreas-
ing while the prices PP and p© are strictly increasing in ¢. Furthermore, with
4ppp = 0, the differences in quantities and prices between the Bertrand and
Cournot equilibria, i.e. D® —d® and p© — PB, are strictly decreasing in ¢.
For the limit ¢ — oo it holds that D® — 0 and d° — 0 and (PY —p®) — 0.

Proof See appendix.

That the equilibrium quantities are decreasing is intuitive since the market
gets tighter when congestion gets stronger. On the other hand, the increase of
the prices is less obvious since the good gets less attractive if the congestion

externality gets stronger. Two effects are at work here. First, by increasing

10



its price each firm can restore the quality of its good. Second, an increase
in the congestion effect leads to a decrease in the marginal product substi-
tutability of the firms’ products. That is, the stronger the congestion effect
the more will any demand shift affect the qualities of the firms’ products.
Therefore, competition is softened and the firms will increase their prices.
For the same reason the difference between the Cournot and Bertrand equi-
libria is decreasing in the congestion effect. Note that these results are in
line with similar results in the literature on exogenous product differentia-
tion which shows that a decrease in the degree of product substitutability
implies an increase of Bertrand and Cournot prices, a decrease of quanti-
ties, and a decrease of the price/quantity differences between Bertrand and

Cournot equilibria.’

For a numerical example, the left hand diagram of Figure 1 shows the
equilibrium prices p? and P® as functions of ¢ € [0,10], and right hand

diagram the equilibrium quantities D? and d¢.

Plok) -

D¥g,x)
pi(k)
T e

2 4 6 8 10® P 1 6 8 10?

Figure 1: Prices and quantities in ¢

Note that in this example the limiting price which will be approached for
very large ¢ is strictly below one, namely limg_. pP = limg o0 PY =2/3.
This also implies that the limiting value of congestion externality is positive,

limg 0o g =1/3.

5A concise statement of these properties can be found in Singh and Vives (1984) for

linear demand. See also the literature cited there or in Cheng (1985).
5The figure is based on ¢; = ¢D;/(ki — ¢D;) with k; = 5.
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4 Endogenous Capacities

We now turn to the first stage of the game in which firms simultaneously
choose their capacities. Since this stage is difficult to solve for arbitrary
¢;-functions we first characterize the firms’ incentives to invest and then
use a particular example which allows us to analyze the firms’ equilibrium

capacities.

4.1 Optimal Capacities for Bertrand and Cournot

Let 72(p? (-),pf (), ki, kj) denote the reduced profit functions under

Bertrand competition. Proposition 1 implies that ﬁf is differentiable in k;.

Since 7P is bounded and capacity costs are weakly convex, 77 must at-

tain a maximum at some k; > 0. Applying the envelope theorem and using
Di, = qirDip, and Dip, = —Dip, /(1+q;x), © the firms’ first order conditions
with respect to their capacities are given by:

owB () 1 9pP()

omB (")
— DBy | =g,
8]% _Dz () [ qix + 1+qu 8]%

i

Ok

ki = 0.
(6)

The term —g;, in (6) is the ‘direct effect’” of an increase in k; on the firm’s

] — (k;) <0 and

profit. Since ¢;; < 0 and g;xp < 0, the direct effect is positive and increasing
with DzB . The other term in the brackets reflects the ‘strategic effect’ which
is due to the influence of k; on the equilibrium price ij. Using (2) in order
to determine the sign of pr () / Ok; we obtain that pr (+) / Ok; < 0 holds
for all capacities k;,k; > 0 (see appendix). Hence, by increasing its own
capacity firm ¢ will cause a decrease in the other firm’s price pf . This effect

reduces the firm’s incentive to invest.

Turning to Cournot competition we denote the reduced profit functions by

fic(dic(-),df(-),ki,kj). Again, since 7¢(-) is bounded there must exist a

i
maximum in k;. Applying the envelope theorem and using 0F;/0k; = —qik
and 0P;/0d; = —1 (see (3)), we can write the firms’ first order conditions

as

7C (- 9dC (. e
85kf ) =d{ (-) [_Qik - Cgkf )] — d(k;) < 0and a;’—kf)k, =0. (7)

"For these expressions see the appendix, proof of Lemma 1.
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Again, the direct effect —¢;;, is positive and increasing in dlc. However, com-
parative statics with respect to k; yields that 8djc(-) / Ok; < 0 holds for all
capacities k;, k; > 0 (see appendix). By increasing its own capacity firm 4
will cause a decrease in the other firm’s quantity d?. Therefore, also the

strategic effect (the second term in the brackets) is positive.

Comparing the investment incentives under Bertrand and Cournot compe-
tition the above results indicate that an unambiguous statement about the
firms’ capacity decisions is not possible without further assumptions on the
gi—functions. With given capacities Bertrand competition leads to higher
demand than Cournot competition which implies (together with g;xp < 0)
that the direct effect, which is always positive, is higher under Bertrand com-
petition. On the other hand, the indirect effect is negative under Bertrand
competition but positive under Cournot. Thus, Cournot may lead to higher
capacities than Bertrand competition. This is indeed the case in the follow-

ing example.

4.2 An Example

In order to get some more insights into the nature of the two—stage equilibria

we now analyze an example. The ¢;—function is given by

oD for D; < ki
i (6 Dy, ki) = ki—¢D; : TS 28
1 otherwise.
We assume linear and low capacity costs, c(k;) = k;/ 100, which ensure
that both firms will invest. Solving at first the competition stage with given

capacities, for Bertrand and Cournot, and then using (6) resp. (7) we obtain

the reaction functions kiB (kj, ¢) and k:f (kj, @), shown in Figure 2 for ¢ = 1.

Since the reaction functions in the capacity game are decreasing, capaci-
ties are strategic substitutes under both Bertrand and Cournot competi-
tion. Finally, solving the system of reaction functions we obtain a unique
and symmetric equilibrium in capacities under Bertrand (k?) as well as un-
der Cournot (k). It turns out that investment incentives are higher under

Cournot competition, i.e. k¢ > k5.

13



4 kcl(kZ 71)

K2k, 1)
kS, (k, ,1)
1 kBZ(kl 51)

k,

Figure 2: Capacity—reaction functions for Bertrand and Cournot

Turning to comparative statics, Figure 3 shows kZ(¢) and k¢ (¢) for ¢ €
[1,10]. The equilibrium capacities are non—monotonic in the strength of the
congestion effect, ¢. At first they are increasing in order to compensate for
the congestion effect. However, since profits are bounded capacities will not
be increased without limits. Thus, when ¢ gets very large, compensating for
the congestion effect will become unprofitable. As profits are then squeezed,

the equilibrium capacities will eventually decrease in ¢.

k

k(@ ——
4.5 - e
4
3.5 kB(p)
3
2.5
12 4 6 8 10 ®

Figure 3: Equilibrium capacities with Bertrand and Cournot competition

Moreover, considering the equilibrium prices and quantities we obtain the
same qualitative pattern as in the case of fixed capacities (compare Figure
1). Under both Bertrand and Cournot competition prices are monotoni-
cally increasing and quantities are monotonically decreasing in the conges-

tion externality ¢. While firms may increase their capacities if congestion

14



gets stronger, the additional investments do not suffice to keep prices and
quantities constant. Furthermore, Cournot prices are always higher than
Bertrand prices, while the reverse is true for quantities.® Since we also have
k¢ (¢) > kB(¢), there is less congestion in the Cournot equilibrium, i.e.
¢(6d°, kC) < g(6DP, kP).

This observation leads us to compare social welfare under the two modes of
competition.” While Proposition 5 shows that with given capacities Bertrand
competition is welfare superior to Cournot competition, using k2 (¢), k% (¢)
and calculating the corresponding welfare levels shows that Cournot com-
petition leads to higher welfare as compared to Bertrand competition. With
endogenous capacities the higher investment incentives under Cournot more

than compensate higher prices.

5 Concluding Remarks

A pervasive problem of communications networks is that the speed and qual-
ity of transfers often deteriorates during times of intensive use. This suggests
that firms which provide Internet services face a trade-off between the quan-
tity and the quality of service they can offer. In this paper we explored the
implications of congestion effects in a simple duopoly model. We discussed
both Bertrand and Cournot competition under congestion. The analysis of
Bertrand competition is more involved in this setting since consumers will
not only respond to prices but also to the endogenous qualities. Under a
fairly mild assumption the existence of a unique equilibrium in pure strate-
gies can be assured for Bertrand (and of course for Cournot). This provides
the basis for comparative statics analysis and, based on a particular example,

for the analysis of endogenously determined capacities.

Generally, we showed that an increase in the strength of congestion leads
to higher equilibrium prices and lower equilibrium demand. This holds ir-

respective of the mode of competition and whether capacities are given or

8The differences between Bertrand and Cournot equilibria in prices, quantities, and

capacities are decreasing in ¢, and vanishing for ¢ — co.
9Welfare equals W, as given in the proof of Proposition 4, minus capacity cost.

15



endogenous. With endogenous capacities, our example showed that capac-
ities are strategic substitutes, for both modes of ensuing competition. An
increase in the strength of congestion leads at first to an increase and then

to a decrease of the equilibrium capacities.

The differences between Bertrand and Cournot equilibria concerning prices,
quantities, and capacities (if endogenous) are decreasing in the strength of
congestion. This is in line with similar results in the literature on exogenous
product differentiation. Also in line with standard results, we found that
Cournot competition leads to higher prices, lower quantities, and higher

capacities (if endogenous) than Bertrand competition.

Welfare comparisons have to take account of the congestion effects. Since
Cournot leads to higher prices and lower quantities than Bertrand, it follows
that for fixed capacities the relation of network use to network capacity is
lower under Cournot, so that the quality provided in Cournot equilibrium
is higher. Still, for given capacities we could show that Bertrand compe-
tition leads to a more efficient combination of quantities and qualities of
connections (although it is no longer the first best allocation when there is a
congestion effect). However, with endogenous capacities our example showed
that the ranking of the two modes of competition might turn around, since
Cournot competition induces higher investments in capacity due to higher
profit expectations. This effect may lead to a more efficient combination of
capacities, quantities and qualities of connections under Cournot competi-

tion compared to Bertrand competition.

Appendix

Proof of Lemma 1

Proof for part (i). For brevity we write the ¢;—function as ¢;(D;). Recall that
:(0) = 0.

If p; > 1 then D; =0, see (1). If pj > 1 > p; then D; =0 and D; = § which
is determined by 1 — 0 — p; — ¢;(8) = 0, see (1). Since g; is strictly increasing
in D;, 0 is uniquely defined, and 6 € (0,1). Hence, if at least one firm sets
p; > 1 then D and Dy are uniquely defined.

16



Now assume p; < 1 for both . Let a € [0, 1] be firm 1’s market share, i.e.
Dy =af and Dy=(1-a)d (8)

For any a € [0,1] the following equations uniquely define two numbers

8 (a) € (0,1):

1-60"—q(ad")—p1 = 0 (9)
1-6°—g((l-a)f?)—ps = 0 (10)
They have the properties
0" q2p8?
91:—&<0 and 02 =—222 > 11
—a 1+ gipa & - 1+q2D(1—Oé) ( )

With the help of these variables we can show that the demand system («, 0)

is in equilibrium when one of the following cases holds:
If & € (0,1) then (1) requires

l-0-q(af)—p1 = 1-0-q@((1-a)f)—p = 0 (12)
By (9) and (10) this is equivalent to § = 0'(a) = 6*(a), and (11) implies
that « and 6 are uniquely determined.

If « =1 then (1) requires 1 —0 —p2 < 1—0—q1(0) —p1 = 0. By (9) this
implies § = 6*(1).
(

)
)
If « =0 then (1) requires 1 —0 —p; <1—0 — q2(8) — p2 = 0. By (10) this
implies 6 = %(0).

One finally observes the uniqueness and continuity of the demand system

over all the different cases.

Proof for part (ii). None of the cases discussed above is consistent with
pi=D;=0.
Proof for part (iii). With D; > 0 and D; = 0, D; is implicitly given by

1-— Dl - q1(Di) — pPi = 0. (13)

Differentiating (13) with respect to p; reveals Dy, < 0. If D;D; > 0, we

are in the case described by (12). To determine the derivations D, for
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v € {pi, pj, ki, k;} we differentiate the four equations in (12) and (8). Solving

the resulting system of equations reveals:

(144 1
Dip, = Utagp) Dy, = >0 (14)
¢p(1+¢qjp) +¢qip ¢p(l1+¢qjp) +aqjp
—qik(1 + gjp) jk

>0, Dy, = <0.(15
gip(1+4¢jp) +¢jp " gip(l1+gjp) + g (15)

Dik, =

k3

Proof of Lemma 2

If p; is such that Dj = 0 then D; = 1 — ¢; — p;. Hence, Dy, = —1/(1+ ¢ip)

and:

om; 1
=D, D, =D, —p, 16
3pi [ + PilJip,; 1 Di 1 + 4D ( )
In this region m; is strictly concave since
0 4iDD
= 2D, i Dip.p. = Dip. |2 — | <0
ap% Dy +p2 1PiP;i P4 |: + pi (1 + Q’LD)2
When D; becomes positive, we have
om; 1+qgip
* = Di + piDip, = Di — pi . = 0. (17)

Opi “¢ip(1+qjp) + qjp

Comparing (16) and (17) reveals that m; has a kink, its slope making a

downward shift as is implied by

1 < 1+qjp
14+g¢p ap(1+gip)+aip

After the kink the derivative of ; is given by (17), and 7; will generally not
be concave. However, in the following we show that if 7; is weakly convex in
p; then it is strictly decreasing. This implies that 7; is strictly quasi—concave

in that region, and hence overall.
To show that 9?m; / 8pi2 > 0= Om;/ dp; < 0 consider first 9%m; / 8p§ :

Pm;

4iDD
P 2Dip, + piDip,p; = Dip, [2 + pi(Dip,)? |:(IiDD - ]7” (18)

(1+4jp)’
where Dy, has been evaluated on the basis of (14). Since D;,, < 0 it

follows:
82 v
8p?

(I+¢p)* ™

>0 <= 2<pi(Diy)? [

18



which also implies that

4iDD . )
m —q¢ipp >0, ie. gipp—qpp(l+qip)® >0
j

These two inequalities together with Dy,, < 0 imply that 9%; / op? > 0 iff

2(1+q;p)° _ 2(1+¢jp)*(@in(L + ¢jp) + ¢jp)
Dy, lgipp — ¢ipp(1 + ¢;p)3] ¢ipp(1+q;p)? —¢jpp

where (14) has been used. This gives us an upper bound for 9m;/ dp;:

o 2(1+ q;p)*(gp(1 + g .
~L = Di + piDyy, < Di + (+ dip) (4| gqu) +4¢;p)
Op; ¢ipp(1+¢;jp)3 — ¢jpp

(19)

Since D; < 1 and the RHS of (19) is increasing in ¢;p and g;pp we set
D; =1 and g;p = ¢gipp = 0 in (19) to obtain

omi _ 1 2(1+¢jp)*gip

Oop;i ~ 4;DD

(20)

Assumption 1 implies that the right-hand side of (20) is negative. Thus,
om;/ Op; < 0 if (927Ti/ 8})% > 0.

Proof of Proposition 1

Lemma 2 implies that the reaction functions pj(pj,-) are continuous for
all p; € [0,1]. Since 0 < pf(pj,-) < 1, there exists an equilibrium in pure

strategies. To prove uniqueness, we show that 0 < 0p!(p;,-)/ dp; < 1 for all
Di,pj such that D;D; > 0. Start by ‘> 0" and note that

Opi _ _ &y /827” = sign i _ sign Oy
9p; OpiOp; [ Op} Ip; IpiOp;
The expressions in the proof of Lemma 1 yield:
Dip, 1 +gip 4iDD
Dy, = ——2 andD-,,=D-,3[» -
1P 1 +QJD 1P Pj ( ’lpz) qJDD(]_ +q]D)3 1 +QJD

From this we get

= Dip.+piDipp. = —L— | =1+ pi(Dip,)* |¢jpp——"5 — Gi
31%3]93' zp]‘f’pz ipip; 1+qu +pz( 'Lpz) QJDD(1+qu)2 4;iDD
(21)
Since D;p, < 0, (21) shows that Op}/dp; > 0 iff
1+ qip ]
(Din.)? gipp——— — ¢ <1 22
pz( zpz) [QJDD(1+qu)2 4iDD ( )
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Using
(1 . .
pi = D; QzD( + qu) + ¢;Dp
1+4qjp

n (22), op;/0pj > 0 is equivalent to

(1+¢;p)(Digipp(1 +¢jp) + ¢ip(1 + ¢jp) + ¢jp)
Di(1+ ¢;p)

qipp < (23)

Since the right-hand side of (23) is decreasing in D; and increasing in ¢;p

and ¢;pp we can set D; =1 and ¢;pp = ¢;p = 0 to obtain

¢jpp < q¢ip(1+g;jp)
as a sufficient condition for 9dpJ/dp; > 0. This condition is satisfied by
Assumption 1.
To show Op}/ dp; < 1 it suffices to show

0%m; B O%m;
op?  OpiOp;

Substituting (18) and (21) we get

827Ti 827Ti

—————" = —DiDyp. ¢ipp ¢ip—(1+q¢;p)*(DiDip, ;DD ¢jp—2q5p—1) > 0.
8])12 0p¢3pj iip; 4DD 4iD (+QJD)( iip; 4iDD 45D — 445D )

Proof of Proposition 2

The reactions functions dj (d;,-) satisfy 0 < df(d;,-) < 1 for all d; € [0, 1].
Hence, there exists a Nash equilibrium in pure strategies. Using (4) and

noting that

827Ti 827Ti
8df ( + QzD) QzDDdz < , 8d,6?d] PiD;
we get
od; (dj, -) 0%m; O od; (dj, -)
od, 0d:0d;| oL /2< od, "

which implies that the equilibrium is unique.

Proof of Proposition 5

In order to simplify notation we define Q(¢, D, k) := q(¢D, k) (and will
make use of pQ4 = DQp and ¢Qpy = DQpp + qp). We can combine the
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equilibrium conditions for Bertrand and Cournot by introducing an indicator
variable v € [0, 1] such that v = 0 refers to Cournot competition and v =1
to Bertrand competition. Let D*(¢, v, k) denote the equilibrium quantities,
ie., DP = D*(¢,1,k) and d° = D*(¢,0, k). Based on symmetry and (2)
resp. (4), these are implicitly defined by the solutions of

D

1=2D = Qé.v.k) = D(1+Qp) v 5

which is equivalent to

oo~ (1= +Qp)
D6w k) =5 e (24

and the equilibrium prices are given by

P(¢,v,k) :==1—-2D" — Q(¢, D", k). (25)

Using (24) and (25) we can prove the proposition by showing

oD* opr*

9 < 0 and 9 <0Vwve|0,1] (26)
0°’D* 0% p*
a¢av<OandW>0VUE[O,1] (27)

where (27) together with (26) and DZ—d® > 0 and P®—p®” > 0 implies that
the differences between the Bertrand and Cournot equilibria are decreasing

in ¢. Comparative statics of D*(¢, v, k) (see (24)) with respect to ¢ leads to
oD*  D* Qp(2+v+4Qp+ 2Q%) + D*Qpp(l +v+2Qp + Q%)

¢ ¢ (1+QD>(3_U+5QD+2QD>+D*QDD(1+U+2QD+?QD§
28

which reveals that 0D*/ 0¢ < 0 for all v € [0, 1]. Using this in the derivation
of (25) yields OP*/0¢ > 0 Y v € [0,1]. Turning to (27), we want to show

negativity of

?D* 9 [oD*

opov %[agz)]
o0 |[oD* 0 oD* 0 oD* oD*
<8D*[a¢]+aQD[a¢]QDD+m[a—¢] QDDD) v

From (24) one shows that 0D*/0v > 0. Next, we have ¢ppp > 0 &
Qppp > 0. Partial differentiations of the RHS of (28) with respect to
v, D*,Qp and Qpp show that

2 [GD*] L [aD*
ov | 9¢ "0Qpp | 0¢

o [oD* o [oD*
| <oma 50 |55 oy |35 | @ve <0
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where the last inequality is implied by Assumption 1 and D*? < D*. Hence
it follows that (92D*)/ (0¢dv) < 0. Concerning prices, differentiating (25)
and using the above properties of D* shows that (0?P*)/ (9¢dv) > 0.

Finally turn to the limiting properties for ¢ — oo, which implies Qp =
¢qp — oo for any given D > 0. To show D* — 0 suppose to the contrary
that D* approaches some strictly positive limit for ¢ — oo. But then the
RHS of (24) goes to zero, contradicting the assumption. Hence it follows
D* — 0. Therefore the difference DP — d® vanishes, and therefore the price

difference must also vanish.

Proof of 8pf(-)/8ki <0

Differentiating (2) with respect to k; and using 0 < 0pf (p;,-)/ Op; < 1 leads
to
apf () . [ O*m;  O%my O*m;  O*mj

= sign -
ak,- ap,akz 8pj8p,- apjaki apjapj
Substituting Di, = girDip; and Djx, = qix, Dip,/ (1 + ¢jp) and rearranging

terms shows that apf () / Ok; < 0 holds if

sign

¢ipDip,Dj +1 >0 (29)
holds. But since pf(-) = — D;/ Djp, <1 and pf(~) < 1— Dj we also have
L +4ip

o (2+¢jp)+qip+1°

Hence, (29) is satisfied in the price equilibrium.
Proof of 8djc(-)/8ki <0

Differentiating (4) with respect to k; and using —0.5 < 9d}(-)/0d; < 0

yields
ads () d%m;

J o
ok M Bd ok

Since Bzm/ od;0k; = (—qka)diC(-) —qir > 0, ad]c()/ Ok; is negative.

sign
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